A necessary and sufficient condition for the stability of n = n matrices with real entries is proved. Applications to asymptotic stability of equilibria for vector fields are considered. The results offer an alternative to the well-known Routh᎐Hurwitz conditions. ᮊ 1998 Academic Press
INTRODUCTION

Ž .
Let A be an n = n matrix and let A be its spectrum. The stability Ž . Ä Ž .4 modulus of A is s A s max Re : g A , and A is said to be stable Ž . if s A -0. The stability of a matrix is related to the Routh᎐Hurwitz problem on the number of zeros of a polynomial that have negative real parts. Much research has been devoted to the latter. The first solution w x dates back to Sturm 21, p. 304 . Using Sturm's method, Routh developed a simple algorithm to solve the problem. Hurwitz independently discovered necessary and sufficient conditions for all of the zeros to have negative real parts, which are known today as the Routh᎐Hurwitz conditions. A good and concise account of the Routh᎐Hurwitz problem can be found in w x 5 . According to the Routh᎐Hurwitz conditions, a 2 = 2 real matrix A is Ž . Ž . stable if and only if tr A -0 and det A ) 0; a 3 = 3 real matrix A is Ž . Ž . Ž . Ž . stable if and only if tr A -0, det A -0, and tr A и a -det A , where 2 a is the sum of all 2 = 2 principal minors of A.
Stability of matrices is intimately related to the stability of stationary solutions of various kinds in the theory and applications of dynamical systems. Let f be a vector field defined in an open set of R n . An Ž . equilibrium point x of f is such that f x s 0. It is asymptotically stable if, for each neighborhood U of x, there exists a neighborhood V such that Ž . Ž . Ž . x g V ; U, and x 0 g V implies that the solution x t satisfies x t g U 1 Ž .
Ž w x. for all t ) 0, and that x t ª x as t ª ϱ see 11 . If f is C , then the Ž . asymptotic stability of x is closely related to the stability of Df x , the Ž Ž .. Jacobian matrix of f at x; it is necessary that s Df x F 0 and sufficient Ž Ž .. that s Df x -0 for x to be asymptotically stable. In many applications, Ž . the entries of Df x contain system parameters, and the stability of x may have to be verified without knowing its explicit coordinates. The verifica-Ž . tion of the Routh᎐Hurwitz conditions for Df x can be technically nontrivial, especially when n G 3.
In the present paper, a necessary and sufficient condition for the Ž . stability of an n = n matrix with real entries is derived Theorem 3.1 , using a simple spectral property of compound matrices. As an application and demonstration of the effectiveness of our criteria, the asymptotic stability of a unique endemic equilibrium of an epidemic model of SEIR type with varying total population is proved. The verification of the Routh᎐Hurwitz conditions for this problem, on the other hand, has presented substantial technical difficulties.
We outline in the next section the preliminaries for our main results, which are given in Section 3. In Section 4, we show how the conditions in Section 3 can be relaxed in the presence of certain constraints on the matrix. Stability of equilibria of differential equations that possess first integrals are considered as an example. An application to a system arising from an epidemic model is presented in Section 5. represents. Let n denote the exterior product in T m , and let 1 F k F m be an integer. With respect to the canonical basis in the kth exterior product space n k T m , the kth additi¨e compound matrix M w k x of M is a linear operator on n k T m whose definition on a decomposable element u n иии n u is
Definition over the whole n k T m is done by linear extension. The entries 
The Lozinskiı measures of M s a with respect to the three common 
Ž . induced matrix norms. This shows that 2.6 is valid for the case T s R also.
Remark. From the above proof, one can see that, if T s C, then
The same relation holds if is replaced by . However, we would like to ϱ 1 point out that similar relations no longer hold for the case T s R.
Proof. By the spectral property of A , the condition s A -0 implies that at most one eigenvalue of A can have a nonnegative real part. We thus may assume that all of the eigenvalues are real. It is then simple to see that the existence of one and only one nonnegative eigenvalue is n Ž .
Ž . precluded by the condition y1 det A ) 0. Theorem 3.1 and Corollary 2.4 lead to the following result. Ž . we let be the Lozinskiı measure on M R with respect to the norm
Ž Ž .. Ž . det A t s y2 t y 3t y 2 t y t y 1 -0. The stability of A t follows from Theorem 3.2. 
1 in x, and both f and Ѩ frѨ x are continuous in ␣. We Ž . Ž Ž . . Ž . also assume that f x, ␣ s 0 has a solution x ␣ , ␣ for all ␣ g a, b .
Ž . Then x ␣ is an equilibrium for the ordinary differential equation We end this section by a brief discussion on the connection of the above results with the Markus᎐Yamabe Conjecture for an autonomous system in R n ,
Ž . An equilibrium x of 3.2 is said to be globally asymptotically stable in R if Ž . Ž . it is asymptotically stable and all solutions of 3.2 satisfy x t ª x as n t ª ϱ. In such a case, x is necessarily the only equilibrium in R .
Ž . Markus᎐Yamabe Conjecture. If f 0 s 0 and the eigenvalues of Df x all have negative real parts for each x g R n , then x s 0 is globally asymptotically stable in R n . w x Markus and Yamabe formulated the conjecture in 18 for the case n s 2, which has recently been given an affirmative answer independently Ž w x . by several authors see 7, 9, 10 . For n G 3, the Markus᎐Yamabe Conjec-Ž w x. ture has been proved to be false see 1, 2, 4 . However, it is still of interest to see that how the conditions can be strengthened so that the conclusion may still hold in the case n G 3. This question has been Ž w x . considered by many authors see 5, 6, 12, 13 . In the spirit of our Theorems 3.1 and 3.2, we formulate the following conjecture. 
Remarks. 1 Note that Df s tr Df when n s 2. In this case, the Ž Ž .. last two assumptions in our conjecture become det Df x ) 0 and Ž Ž .. tr Df x -0, respectively. It follows that, for planar systems, our conjecture is equivalent to the Markus᎐Yamabe Conjecture and thus holds true.
Ž w2x Ž .. Ž w2x Ž .. 
nyr
The theorem can be proved using the same argument as in the proof of Theorem 3.1. 
Ž .
Remark. If r s n in 4.1 , then B is of full rank and hence
Ž . which is equivalent to the linear independence of ٌH x . Then ⌫ is a i n y r-dimensional submanifold of R n . If r s n, then f ' 0. If r s n y 1, Ž . then 3.2 is integrable and the case is trivial. We assume that 0 -rn y 1.
n n Ž . Ž . Ž . Let : R ª R be the flow of 3.2 defined by x s x t, x . Then
is a diffeomorphism on R for each t and ⌫ ; ⌫. This implies that t t the tangent space T ⌫ of ⌫ at x satisfies
An equilibrium x g ⌫ is said to be asymptotically stable with respect to ⌫ if < it is so with respect to the restriction of the flow on ⌫. Using a
local chart on ⌫, one can show that a sufficient condition for x to be asymptotically stable with respect to ⌫ is that it is so under the restriction Ž .< Ž .
D x
of the linearized flow D x on the invariant subspace T ⌫.
Differentiating the identity H x t, x s H x with respect to
In particular, when x s x, this becomes
Ž . This relation and the fact that D x is a fundamental matrix to the 4.2 can be applied to obtain the following result. Let H x , i s 1, . . . , r, be first integrals of 3.2 such that   i 
Ž .
Ž . ٌH x n иии n ٌH x / 0 near an equilibrium x g ⌫. Then x is asymptoti- Ž . Ž . This is so if n s 3 and 3.2 possesses a first integral H x such that Ž . ٌH x / 0 in ⌫.
AN APPLICATION
Consider the following system:
Ž .
which arises from an epidemic model of SEIR type with varying total population, where s, e, and i denote the fractions in the population that Ž . are susceptible, exposed in the latent period , and infectious, respectively. Then 1 y s y e y i is the fraction of individuals who are recovered from infection with immunity, which is assumed to be permanent. All of the Ž . parameters in 5.1 are assumed to be nonnegative. In particular, b is the exponential birth rate of the host population, is the per capita contact rate, and ␣ is the exponential rate constant for the disease-caused death. w x A detailed description of the model can be found in 14 , and a special case w x Ž . is studied in 3 . Based on biological considerations, system 5.1 will be studied in the following region: on the boundary of G that corresponds to the case of no disease. It is of interest to investigate the existence, number, and stability of equilibria in the interior of G, which correspond to disease being endemic.
As a remark on the range of the parameters, we note that if F ␣, then Ž . Ž . Ž . Ž . Ž . sЈ t G b y bs t from 5.1 , which implies that s t ª 1, and hence e t , Ž . i t ª 0 as t ª ϱ; no interior equilibrium can exist. Since only interior equilibria are considered in the rest of the section, we assume that ) ␣.
Existence of a Unique Interior Equilibrium
Ž . For a possible interior equilibrium P* s s*, e*, i* g G, its coordinates satisfy
and s* ) 0, e* ) 0, and i* ) 0. Adding the above equations leads to 
Ž . Ž .
where
Furthermore, s* and e* can be uniquely determined from i* by
s* s and e* s , 5.7
Ž .
b q i* y ␣ i* ⑀ Ž . respectively. None of the three roots of f i , considering ) ␣ ,
Ž . lies in 0, br␣ . Furthermore, f 0 s 1 and f br␣ s ␣ q ␥ r␣ ) . These observations lead to the conclusion that, when ) 1, the line Ž Ž .. Ž . y s has exactly one intersection i*, f i* with the graph of y s f i w xŽ . that satisfies i* g 0, br␣ see Fig. 1 . We thus established the existence Ž . and uniqueness of the endemic equilibrium of 5.1 when ) 1, which, we believe, have not been established in the literature of epidemic models. ␣ w2x Ž . whose second additive compound matrix J P* is, by the Appendix, 
